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Recently, the compositeness, defined as the norm of a two-body wave function for bound and
resonance states, has been investigated to discuss the internal structure of hadrons in terms of
hadronic molecular components. From the studies of the compositeness, it has been clarified that
the two-body wave function of a bound state can be extracted from the residue of the scattering
amplitude at the bound state pole. Of special interest is that the two-body wave function from
the scattering amplitude is automatically normalized. In particular, while the compositeness is
unity for energy-independent interactions, it deviates from unity for energy-dependent interac-
tions, which can be interpreted as a missing-channel contribution. In this manuscript, we show
the formulation of the two-body wave function from the scattering amplitude, evaluate the com-
positeness for several dynamically generated resonances such as f0(980), Λ(1405), and Ξ(1690),
and investigate their internal structure in terms of the hadronic molecular components.
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1. Introduction
Thanks to the recent improvements of the hadron spectroscopy [1], we can discuss not only
global quantities of hadrons such as masses and widths but also their internal structure. In particu-
lar, from experimental observables we can examine various hadrons for their exotic configurations
such as multi-quark states, dibaryons, and hadronic molecules instead of the ordinary configura-
tions, i.e., three quarks for baryons and a quark–antiquark pair for mesons.
In this line, hadronic molecular configuration is of special interest because the structure of
hadrons can be expressed in terms of the hadronic degrees of freedom, which are asymptotic states
of the fundamental theory of strong interactions, QCD, as distinguishable components [2]. Ac-
tually, from decades ago, hadron–hadron scattering amplitudes have been utilized for clarifying
the structure of states in terms of hadronic molecules [3, 4]. Recently, hadron–hadron scattering
amplitudes have been intensively studied so as to investigate the hadronic molecular components
for hadronic resonances in the amplitude, and these studies can be characterized by the composite-
ness [2, 5–13], defined as the norm of a two-body wave function interest, based on the fact that the
wave function extracted from the scattering amplitude is automatically normalized [14–16].
In the present manuscript, we formulate the two-body wave functions and compositeness
from the scattering amplitudes and discuss the internal structure of several dynamically generated
hadronic resonances in terms of the hadronic molecular components [10, 12, 16].
2. Two-body wave functions and compositeness from scattering amplitudes
First of all, we consider a quantum system governed by the Hamiltonian Hˆ = Hˆ0+Vˆ with the
free part Hˆ0 and interaction Vˆ . We assume that the present model space is restricted to two-body
states. The free Hamiltonian Hˆ0 has a two-body eigenstate of its relative momentum q as:
Hˆ0|q j〉= E j(q)|q j〉, E j(q) ≡
√
q2+m2j +
√
q2+M2j (Semi-relativistic case), (2.1)
where q ≡ |q|, j is the channel index, and m j and M j are masses of the particles in channel j.
With this eigenstate, the interaction can be evaluated as Vjk(E; q
′, q) = 〈q′j|Vˆ (E)|qk〉, where the
interaction is allowed to depend intrinsically on the energy of the system E .
In this construction, we can consider a two-body to two-body scattering process k(q)→ j(q′).
The scattering amplitude for this process, Tjk(E; q
′, q), is a solution of the Lippmann–Schwinger
equation, and after the projection to the partial wave of orbital angular momentum L we have
TL, jk(E; q
′, q) =VL, jk(E; q′, q)+∑
l
∫
dk
2pi2
k2
VL, jl(E; q
′, k)TL, lk(E; k, q)
E−El(k) . (2.2)
If the interaction generates a bound state, including an unstable case, the scattering amplitude
has a corresponding pole in the complex energy plane. In particular, for an off-shell amplitude,
which we may treat as a function of three independent variables E , q′, and q, the pole can be
expressed as
TL, jk(E; q
′, q) =
γ j(q
′)γk(q)
E−Epole +(regular at E = Epole), (2.3)
with the residue with respect to the pole at E = Epole, γ j(q).
1
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Figure 1: (Left) Density distribution P j as a function of the momentum q with the interaction (2.7) [16].
(Right) Compositeness as a function of the parameter v1 with the interaction (2.7) [16].
Interestingly, the residue γ j(q) contains information on the wave function of the bound state
|Ψ〉. Actually, in the vicinity of the pole position, we can evaluate the scattering amplitude in the
expansion by the eigenstates of the full Hamiltonian, which results in
TL, jk(E; q
′, q)≈ 〈q′j|Vˆ (Epole)|Ψ〉
1
E−Epole 〈Ψ˜|Vˆ (Epole)|qk〉, (2.4)
where we have introduced a Gamow vector 〈Ψ˜| so as to establish the normalization of the resonance
states [2, 14, 17]. Here 〈Ψ˜|Ψ〉 = 1 is guaranteed by taking the residue of the propagator (E −
Epole)
−1, which is nothing but the field renormalization constant for the bound state, unity. Then,
the residue γ j(q) is calculated as
γ j(q) = 〈q j|Vˆ (Epole)|Ψ〉= [Epole−E j(q)]〈q j|Ψ〉, (2.5)
and similarly for 〈Ψ˜|Vˆ (Epole)|q j〉. An important property is that the residue γ j(q) as well as the
scattering amplitude should be automatically normalized because the Lippmann–Schwinger equa-
tion is an inhomogeneous integral equation. This fact is especially essential when we calculate the
norm of the jth channel component of the wave function, 〈q j|Ψ〉:
X j ≡
∫
d3q
(2pi)3
〈Ψ˜|q j〉〈q j|Ψ〉=
∫ ∞
0
dqP j(q), P j(q)≡ q
2
2pi2
[
γ j(q)
Epole−E j(q)
]2
, (2.6)
where the norm X j is called compositeness.
The correct normalization of X j from the residue of the scattering amplitude at the pole
was proved in Ref. [14] for a general single-channel energy-independent interaction in the non-
relativistic case. For a more general case, one can show that the correct normalization of X j from
the amplitude is achieved with some schematic models. For instance, in Fig. 1(left) we show the
density distribution P j(q) for a resonance in a two-channel problem where the interaction is
Vjk(E; q
′, q) =C jkv(E)(
√
pib)3e−|q
′−q|2b2/4, C jk =
(
1 x
x 0
)
, v(E) = v0+v1(E−Epole), (2.7)
with the parameters b= 0.5 fm, x= 0.5, v0 =−650 MeV, v1 = 0, and (m1,M1, m2,M2) = (495.7,
938.9, 138.0, 1193.1) MeV. In Fig. 1(left), the points are obtained by solving the Schrödinger
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equation and normalizing the wave function (X1+X2 = 1) by hand in a usual manner, while the
lines by solving the Lippmann–Schwinger equation at the pole position and extracting the wave
function from the scattering amplitude. We can see an exact correspondence between the points
and lines for each component in Fig. 1(left), which means that we obtain the correctly normalized
wave function from the scattering amplitude for the energy-independent interaction.
Then, an interesting thing happens when we introduce the energy dependence of the interaction
with v1 6= 0. Actually, with v1 6= 0, the compositeness from the scattering amplitude, which should
be automatically normalized, deviates from unity as seen in the lines of Fig. 1(right), where we
plot the compositeness as a function of v1. One interpretation of this behavior is the reflection
of a missing-channel contribution. The deviation can be compared with the compositeness in an
energy dependent interaction discussed in, e.g., Refs. [18, 19]. According to these studies, the
compositeness with the energy-dependent interaction is [16, 18, 19]
X∂V/∂E = 1+∑
j,k
∫ ∞
0
dq
q2
2pi2
γ j(q)
Epole−E j(q)
∫ ∞
0
dq′
q′2
2pi2
γk(q
′)
Epole−Ek(q′)
∂VL, jk
∂E
(Epole; q, q
′), (2.8)
so that the continuity equation from the wave function should be hold. This compositeness X∂V/∂E
is shown in Fig. 1(right) as points, which lies exactly on the lines of the real and imaginary parts
of X1+X2. This indicates that the two-body wave function from the scattering amplitude correctly
takes into account the effect of the additional second term in (2.8) due to the energy dependence of
the interaction.
3. Compositeness for dynamically generated hadronic resonances
Next, we evaluate the compositeness for several dynamically generated hadronic resonances,
which are described not in quark-gluon but in hadronic degrees of freedom and hence may be
hadronic molecules.
Before calculating the compositeness for hadrons, we mention that, because the compositeness
as well as the wave function itself is not a physical observable, the compositeness is a model
dependent quantity [9]. An exception is the case that the pole exists very close to the on-shell
energies, where we can model-independently express the compositeness with the scattering length
and effective range [3,4,7,11]. Besides, as described above, the compositeness from the scattering
amplitude is uniquely determined once we fix the model space and interaction.
In the present study we fix the interaction as the separable form for the orbital angular mo-
mentum L [6]
〈q′j|Vˆ (E)|qk〉= (2L+1)q′LqLPL(qˆ′ · qˆ)Vjk(E), (3.1)
where qˆ(′) ≡ q(′)/|q(′)|. Then, the Lippmann–Schwinger equation (2.2) becomes an algebraic form:
Tjk(E) =Vjk(E)+∑
l
Vjl(E)Gl(E)Tlk(E), G j(E)≡
∫
d3k
(2pi)3
k2L
E−E j(k) , (3.2)
where the ultraviolet divergence in the loop function G j(E) is regularized in a certain way. Then,
the residue γ j becomes a coupling constant and hence the compositeness is [10, 12]
X j =−γ2j
[
dG j
dE
]
E=Epole
. (3.3)
3
Two-body Wave Functions, Compositeness, And The Internal Structure Takayasu Sekihara
Table 1: Compositeness for dynamically generated hadronic resonances: scalar mesons.
f0(500) [10] f0(980) [10] a0(980) [23] K
∗
0 (800) [10]
Epole [MeV] 443−217i 988−4i 979−53i 750−227i
Xpipi −0.09+0.37i 0.00−0.00i — —
Xpiη — — −0.06+0.10i —
XKK¯ −0.01−0.00i 0.87−0.04i 0.38−0.29i —
Xηη −0.00+0.00i 0.06+0.01i — —
XpiK — — — 0.32+0.36i
XηK — — — −0.01−0.00i
Z 1.09−0.37i 0.07+0.02i 0.68+0.18i 0.70−0.36i
U 0.54 0.00 0.30 0.28
X˜pipi 0.25 0.00 — —
X˜piη — — 0.09 —
X˜KK¯ 0.01 0.87 0.37 —
X˜ηη 0.00 0.06 — —
X˜piK — — — 0.38
X˜ηK — — — 0.01
Z˜ 0.75 0.07 0.54 0.62
In addition, we can define the missing-channel contribution Z as the rest part for the normalization
of the total wave function, i.e., unity minus the sum of the compositeness:
Z ≡ 1−∑
j
X j =−∑
j,k
γkγ j
[
G j
dVjk
dE
Gk
]
E=Epole
, (3.4)
where the sum rule for X j and Z was proved in Ref. [20]. We also note that the compositeness and
missing-channel contribution are in general complex for resonances, which cannot be interpreted
as probabilities. Here, from the complex X j and Z we introduce quantities which a probabilistic
interpretation is possible:
X˜ ≡ 1+ |X |− |Z|
2
, Z˜ ≡ 1+ |Z|− |X |
2
, (3.5)
for the one-channel problem, and
X˜ j ≡ |X j|
1+U
, Z˜ ≡ |Z|
1+U
, U ≡∑
j
|X j|+ |Z|−1, (3.6)
for the problems with more than one channel. In any case, based on a similarity between the
resonance wave function considered and a wave function of a stable bound state, withU ≪ 1 one
can safely interpret X˜ j (Z˜) as the probability of finding the composite (missing) part.
Now we calculate the compositeness for hadronic resonances. In this study we employ chiral
perturbation theory for the separable interaction (3.1), with which we can dynamically generate
several hadronic resonances. Here we treat f0(500), f0(980), a0(980), and K
∗
0 (800) for mesons
and ∆(1232), N(1535), N(1650), Λ(1405), Λ(1670), and Ξ(1690) for baryons. In particular, the
scattering amplitudes for the scalar mesons f0(500), f0(980), and K
∗
0 (800) are taken from Ref. [21],
and for Λ(1405) from Ref. [22]. The results are listed in Tables 1, 2, and 3.
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Table 2: Compositeness for dynamically generated hadronic resonances: baryons with S = 0.
∆(1232)1 [12] N(1535) [12] N(1650) [12]
Epole [MeV] 1207−50i 1496−59i 1661−70i
XpiN 0.87+0.35i −0.02+0.03i 0.00+0.04i
XηN — 0.04+0.37i 0.00+0.01i
XKΛ — 0.14+0.00i 0.08+0.05i
XKΣ — 0.01−0.02i 0.09−0.12i
Z 0.13−0.35i 0.84−0.38i 0.84+0.01i
U 0.31 0.48 0.13
X˜piN 0.78 0.03 0.04
X˜ηN — 0.25 0.01
X˜KΛ — 0.09 0.08
X˜KΣ — 0.01 0.13
Z˜ 0.22 0.62 0.74
First, among the scalar mesons in Table 1, the KK¯ compositeness for the f0(980) resonance,
both XKK¯ and X˜KK¯ , is close to unity with negligible value ofU . This result suggests that f0(980) in
this model is indeed a KK¯ molecular state. On the other hand, the other scalar mesons have large
contributions from the missing channels, Z. Among them, however, f0(500) has the value of U
comparable to unity, so one cannot clearly interpret the structure of f0(500) from X and Z.
Next, from the results for the nucleon resonances in Table 2, one can see that the ∆(1232)
resonance has a large contribution from the piN component, as in the previous work [8]. The
imaginary part of the piN compositeness for ∆(1232) is also non-negligible, butU is less than one-
third, so we may conclude that the piN component in ∆(1232) is significant. On the other hand, the
results on N(1535) and N(1650) indicate that the piN, ηN, KΛ, and KΣ components are negligible
for these resonances.
The results for the baryons with S ≤ −1 are shown in Table 3. An interesting finding is
that the higher pole of Λ(1405) has a dominant K¯N compositeness XK¯N , which is very close to
unity. Although the value of U is non-negligible compared to unity for the higher Λ(1405), this
mainly comes from the imaginary parts and negative real parts of contributions other than K¯N, and
U divided by the number of channels is small: U/5 ≈ 0.15≪ 1. Therefore, we may state that
the higher Λ(1405) is dominated by the K¯N composite component. The Λ(1670) resonance has
substantial KΞ component in the present model. Finally, the result on Ξ(1690) indicates that this
resonance is indeed a K¯Σ molecular state.
4. Summary
We have shown that the two-body wave function of a bound/resonance state can be evaluated
from the scattering amplitudes as an automatically normalized quantity. In particular, the compos-
iteness, i.e., the norm of the two-body wave function, is unity for an energy-independent interac-
tion, while the compositeness deviates from unity for an energy-dependent interaction, which can
be interpreted to implement a missing-channel contribution.
1We only consider the piN channel for the ∆(1232) resonance.
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Table 3: Compositeness for dynamically generated hadronic resonances: baryons with S≤−1.
Λ(1405)higher [10] Λ(1405)lower [10] Λ(1670) [10] Ξ(1690) [24]
Epole [MeV] 1424−26i 1381−81i 1678−21i 1684−1i
XK¯N 1.14+0.01i −0.39−0.07i 0.03+0.00i —
XpiΣ −0.19−0.22i 0.66+0.52i 0.00+0.00i —
XηΛ 0.13+0.02i −0.04+0.01i −0.09+0.16i —
XKΞ 0.00+0.00i −0.00+0.00i 0.53−0.10i —
XK¯Σ — — — 0.95−0.14i
XK¯Λ — — — −0.02+0.00i
XpiΞ — — — 0.00+0.00i
XηΞ — — — 0.01+0.02i
Z −0.08+0.19i 0.77−0.46i 0.53−0.06i 0.06+0.11i
U 0.77 1.17 0.29 0.13
X˜K¯N 0.64 0.18 0.02 —
X˜piΣ 0.16 0.39 0.00 —
X˜ηΛ 0.07 0.02 0.14 —
X˜KΞ 0.00 0.00 0.42 —
X˜K¯Σ — — — 0.85
X˜K¯Λ — — — 0.02
X˜piΞ — — — 0.00
X˜ηΞ — — — 0.02
Z˜ 0.12 0.41 0.41 0.11
By evaluating the compositeness for several dynamically generated resonances with the inter-
action taken from chiral perturbation theory, we conclude that f0(980), Λ(1405), and Ξ(1690) are
dominated by the KK¯, K¯N, and K¯Σ composite components, respectively, in the present model.
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